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ABSTRACT 

Two new families of T-Dual integrable models of dyonic type are constructed. They represent 
specific A^^ singular Non-Abelian Affine Toda models having U{1) global symmetry. Their 
1-soliton spectrum contains both neutral and U{1) charged topological solitons sharing the 
main properties of 4-dimensional Yang-Mills-Higgs monopoles and dyons. The semiclassical 
quantization of these solutions as well as the exact counterterms and the coupling constant 
renormalization are studied. 



1 Introduction 



In search for new nonperturbative methods of quantization of four dimensional (nonsuper- 
symmetric) SU{n + l) QCD (and its bosonic part- the Yang-Mills-Higgs (YMH) model ), the 
relationship between 4-D selfdual Yang-Mills (SDYM) theories and certain 2-D integrable 
models (IM's) |l[] deserves special attention. As it is well known the dimensional (and sym- 
metries) reduction of 4-D SDYM to lower dimensional (D=l,2,3) IM's (see for a review) 
provides effective methods for the construction of a large class of exact (classical ) solutions 
of the 4-D gauge theory, including spherical symmetric monopoles 0, 0], instantons 0, 
domain walls (DW) 0, |^ etc. Among them the solitons of relativistic 2-D IM's are of 
particular interest: 

• They are expected to describe (at least in large n limit ) DW's solutions of 4-D SU{n+l) 
YMH theory; 

• Their exact quantization is known to be related to the centerless afiine quantum group 
f/,(A«) (or f/,(4S),f/,(41i) ) §. 

Whether Uq{A^^) (or its dual ) takes place in the description of the quantum DW's and the 
other "strong coupling" solutions of SU{n + 1) YMH theory - monopoles, dyons and strings 
- is an open problem. There exists however a hint in favour of such conjectute, namely: The 
space of classical solutions of 4-D SU{n + 1) SDYM (and BPS solutions of YMH) has the 
affine SU{n + 1) loop algebra as dynamic symmetry |^, which coincides with the classical 
limit g — * l(/i 0) of the quantum soliton symmetry group Uq{A!f^'>) [||. 

The domain walls that appear in the string (i.e. D-branes ) description of 4-D gauge 
theories , manifest properties a bit more involved than the simplest topological solitons 
of say, sine-Gordon or abelian affine Toda models. For instance, they may carry certain U{1) 
charges or require nonmaximal breaking of SU{n+ 1) gauge group, say SU{k) ® t/(l)"^^^^ 
( i.e. fc-coincident D-branes) [0. The question arises whether one can find 2-D IM's whose 
soliton solutions possess all DW's characteristics. The problem we address in the present 
paper is to construct such dyonic integrable models [| admiting U{l)-charged topological 
solitons and CPT-violating term. We shall study the solitonic spectrum (classical and 
quantum ) of the following new family of (CPT-noninvariant) A^^^ dyonic IM's { n > 1 ) 

= 2 VikO'fiO^k H Va (1.1) 

i,k=l 



m2 /"-I 



n 



^^=l 



^The Sine Gordon (SG) and the G„-abelian afRne Toda model are examples of magnetic type IM 
having neutral topological solitons. The Complex Sine Gordon ( or Lund-Regge) model |0,||ll|,|T^ and 
its homogeneous space SG generalizations represent the eleetrie type IM's, whose solitons are U{1) (or 
U{1Y )chargedhut nontopological. 
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where rjik = 2Si^k - ^i,fc-i - Si^k+i, i, k = 1, ■ ■ ■ n - 1, A = 1 + f3'^^ipxe ^"^S ipo = V^n = 0, 
d = dt + dx,d = dt — dx and = — ^.The IM's ( p..l|) are invariant under global U{1) 
transformation, 

where a is a real constant. They represent a specific mixture of the Lund-Regge model inter- 
acting with the A^^-'-abelian Toda theory. It is worthwhile to mention that the above dyonic 
models appear to be an appropriate integrable deformation of the recently constructed V^^+\- 
algebra minimal models (i.e. the singular y4„-Non Abelian (NA) Toda theories): 

2 

£ = C,onf - ^V,,f, Vdef = e^('^^+'^"-)(l + P'iJxe-"''') (1-2) 
The CPT-violating term e-'^'P'A-h'"'df,ipduX is hidden in the second term of (11 . 11) 

-^Bijdx = {g^'d.^d^x + e^^d.^d^x) 

It has the same origin as in the conformal theory Cconf, i-e. the axial gauging of the U{1) 
subgroup spanned by Ai • H. The CPT-invariant partner of (|1.1|) is the following vector type 
^-dyonic model: 

1 /l _ 

= -^[-^Yl [dlnCidln{ciCi+i ■ ■ ■ c„_i) + dlnCidln{ciCi+i ■ ■ ■ c„_i)] 
1 OAdB + dBOA ^ ^ 



l-AB 



-rK (1.3) 



= ~ \ ^'^l'^2 ■ ■ ■ Cn-1 + — ^2 ^ ~ + ~ ^ ^ Z ^ 



-2. 

no \ '^'^I'^z ■'■ft— 1 I 2 ' ' ' ' 

P \ C1C2 ■ ■ ■ C„_2C„_i Ci C2 Cn-2 



It is obtained by vector gauging of the same U{1) subgroup and appears to be T-dual to 
the " axial " model ( [1.1|) [p!5| . The ungauged integrable model giving rise to both models 



( |1 . 1| ) and ( |1.3| ) has the following Lagrangean Q 

Cu = \v^k^v^^Vk + ^^^^ORdR + dxdtPe^^^-^^^ - K (1.4) 



i=i ' ' y 



The corresponding action Su is invariant under chiral U{1) gauge transformations: 
/t = /t + w(2;) + w(2;j, yj = e ip, x = ^ " X 



^Note that the n = 2, (i.e. SL{3,R)) IM is nothing but the (thermal operator ) integrable perturbation 
of the Bershadsky-Polyakov Wg^^' minimal models |p^ . 
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where ip = ipe 2n = 2n ^. 

The zero curvature representation and the proof of the classical integrabiUty of all models 
(|1.1D, ( |1.3D and (|1.4D, is derived in Sect. 2. Special attention is devoted to the discussion 
of discrete symmetries of ( p. . 1| ) and ( |1.3| ). They are crucial in the definition of the vacuum 
lattice, the spectra of the topological charges Q^^^' and Qe as well as in the derivation of the 
first order 1-soliton equations in Sect. 3. It is important to note that the first order system 
( p.7|) has to be completed with a chain of algebraic relations ( p.8|) in order to determine a 
consistent vacua Backlund transformation. They represent 2-D analog of the YMH-model 
Bogomolny equations and constitute our main tool in constructing 1-soliton solutions of 
the dyonic models ( |1.1| ) and ( |1.3| ) in Sects. 4 and 5. Compared to the other methods of 
construction of soliton solutions as "vertex operators " (or r-functions, etc ) , [|18[ , [|1^ they 



have the advantage in providing a simple proof of the topological character of the soliton's 
energy, momenta and action Si_soi{^n'^)- It is shown in Sect. 3 that all conserved quantities 
[E"-^, pax^ M"^, Qgf , Qf^, Q^k' ■, -s"^) characterizing charged topological 1-solitons depend 
only on the asymptotics of the fields at x ^ ±oo .Therefore their values can be calculated 
without the knowledge of the explicit form of the solutions. 

The main result of this paper is the explicit construction of the charged topological 



1-solitons of the axial and vector models (IJ.) and (|1.3|) presented in Sect. 4 and 5. Their 



semiclassical spectrum (derived in Sect. 3,6 and 7) is shown to have the following promissing 
dyonic form 

Qel ~ PoiJel + 7^j\o)) Qe = Stv^V^ Qmag = ~d2^V>^ ~ ' ' ' ' ^(^ ~ 1) 

Ma. _ ^rnn Qlt - (3lQ^, _ {n - I) / , , x g . . . 

(1.5) 

( V and 7o are arbitrary real numbers ; (3 = i(3o ) for the "axial" model ( p.. ID and a similar 
form with {Q'^iiQq^) — ^ {Q^'^^QeD interchanged for its T-dual "vector" model ( |1.3| ). It is 
worthwhile to mention that (and z/, 7o)-dependent shifts of Q'^f and Qg^ come from the 
topological 6'-terms (|2.28|) and ( p.33| ) added to Ca and £^, respectively. Our proof that the 
"axial" and "vector " models 1-solitons have equal masses, energies and spins (see Sect. 5) 
represents an important step in testing the " off-critical" (i.e. nonconformal ) T-duality. An 
interesting property of the mass spectrum (|1.5| ) is that its large n limit 



771 

M-^{n^oo) = -^\Qtf-P'oQma,\ 
Po 

coincides with the BPS bound for the masses of particular (Qgf = = Q^),^) dyons of 4-D 
N = 2 super YM theory, i.e. M"^(n ^ oo) ~ Z_ = Q^J^ - Q^^^ Hi 



Sect. 7 contains preliminary results concerning the exact quantization of the A^^^ dyonic 
models in consideration. Our starting point is the path integral formulation of the models 

to be compared with the semiclassical dyonic spectrum of YMH model (see for example sect. VI of 
ref.@). 
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(ITT]) and ([T^) as gauged H_\A\l:^/H+ two loop WZW model (see refs. ^ ). We next 
derive the exact effective action for the A^^'> dyonic integrable models following the method 
23| developed for the corresponding conformal cr-models (i.e. m = case). It turns out that 



the relevant counterterms as well as the finite renormalization of the coupling constants 
Prenorm identical to those of the conformal models (i.e. Vdef = in eqn. ( [L2|) ). One 



can further speculate that eqns. ( |1.5| ) with /3q — >• Porenorm = k~n-i represent the exact 
quantum 1-soliton spectrum. Few hints in favour of such conjecture are given in sect. 7.3. 
The complete answer of the question about the exact quantization of the electrically charged 



topological solitons of the dyonic integrable models ( |1 . 1| ) and ( |1.3| ), as well as whether they 
can be described as representations of the affine quantum group Ug{A^^) requires further 
investigations. 

An important feature of all A^^ abelian affine Toda models {n > 1) is known to be 
that their action (as well as the Hamiltonian ) becomes complex for imaginary coupling 
constants. The corresponding soliton solutions are also complex functions but their energy 
and momentum are real The only exception is the Sine-Gordon model (i.e. A^'^) whose 



action, Hamiltonian, solitons and breathers are all real. A similar phenomena takes place 
for the A^^ dyonic IM (n > 1). There exist only two exceptional cases with real action, 
Hamiltonian, etc. The first is the A^^^ vector (or axial ) model (i.e. all ipi = 0) which is 
known as the Complex Sine-Gordon (or Lund-Regge) model [jl0|,||l3l- However it is not of 
dyonic type since its solitons are either charged but nontopological or neutral topological in 
the T-dual picture. The A2^'*-vector model represents the unique member of the A^^^ family 
of models ( |1 . 1| ) and ( |1.3| ) that has real actions, soliton solutions, etc. After an appropriate 
change of variables, A = e*^"^ sinh(/3or), B = — e~**^ sinh(/5o?"), c = e**"^ we end up with 
the following real 

2m? 

= difdif + drdr + iajil? {(3Qr)d9d9 + —-^ smh.{j3or) cos I3q{9 + 2Lp) 



The properties of its soliton solutions can be extracted from eqns. 

It is important to note that the U{1) charged topological solitons do not exhaust all 



the particle-like finite energy solutions of the IM's ( |1.1| ) and ( |1.3|) . The dyonic IM's in 
consideration admit also d " species" (ci = 1, 2, ■ ■ ■ — 1) of neutral 1-solitons that turns 
out to coincide with the A^^l^-abelian affine Toda solitons [|r7|,|^. The complete list of 
solutions also includes three type of breathers representing all the possible bound states of 
the charged and neutral 1-soliton and anti-solitons (i.e. "dyon-dyon", "dyon -monopole" 
condensates, etc.). The explicit construction of all these solutions and the discussion of their 



spectrum are presented in our work |22 



Sect. 8 contains preliminary discussion of the S- and T- duality properties of the consid- 
ered integrable models. 
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2 AW-Dyonic Model 



2.1 Zero curvature and graded structures. The integrability of the axial A^^^-model is 
a consequence of the fact that its equations of motion 

5 + /9 — + m^e^'^-^x = 



A J \ 2n J A2 

n A"' p 

+!^ e/sC^i+v'n-i) + ^2l^^g/3^„_i\ ^ (2.1) 
(3 \ n J 



/ = l,---,n — 1, can be written as zero curvature condition 



[d + A,d + A]=0. (2.2) 

The Lax connections A and A (i.e. ^^) hes in the A^^^ centerless affine Kac-Moody algebra 
(loop algebra) and are given by 



/n-1 



'n-l 

p-5/^(2</'j-</'j-l-</'j+l) /?(0) _|_ /^vpi^"^"-! K*^"*"^ _|_ pl/3('Pl+</'n-l) 77(1) 

(2.3) 

In the above particular choice for the connection Afj, is hidden an interesting and rich algebraic 
structure known as the Leznov-Saveliev method |^ for constructing 2-D integrable models. 
In order to give an idea of how it works in our case of the singular non-abelian affine Toda 
(dyonic) models, we transform A and A by an appropriate gauge transformation (dressing) 

Aj^ = WA^W-^ + Wd^W-\ W-^ = e5 Sr=i' /^v./^l+^gW^ ^^^"^^ 

that leaves eqs. ( |2.1| ) unchanged and transforms the Lax connection into the following 
suggestive form 

A^ = D-^dD + e., A^ = -D-h+D (2.4) 
all the algebraic definitions concerning An^ are as in refs.||r^,l2^ 
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where 

ei = m(t<+4tiU...+.„)) (2-5) 
The group element D E SL{2) U{1)^'^~^^ is parametrized as follows 

= e^xi.i»^,ef'^-'''"^^"-'"'-e^'^< (2.6) 

As explained in refs. the e±-invariant subgroup G U{1), [e±,gQ] = 0, is spanned 

by Ai ■ H^^' , i.e. = e^i , where Xi,l = 1, ■ ■ - n are the fundamental weights of An, 
XI = The appearence of the nonlocal field R defined by 

dR = f3t^e-^^\ dR = P^e-^^^ (2.7) 
^ A A 

is a consequence of the subsidiary constraint 

J = Tr{D-^dDXi ■ H^^^) = 0, J = Tr{dDD-^\i ■ H^^^) = 

imposed on the zero grade conserved currents {dJ = dJ = 0) of the original two loop gauged 
H_\A^^^ (g) A^^^/H+ WZW model[||],|6l. We remind the algebraic recipe for constructing 
generic integrable models(see for example |T^ , , |T^ , ) : Given an (finite or infinite 
dimensional ) algebra . Introduce a graded structure (^,^°^ , Q) by means of the grading 
operator Q, 

[Q,Qi] = lQu G^^ = ®Qu [QuQk]egi+k /, A; = 0, ±1, ■ ■ ■ 

A family of grade one integrable models {Q!^\ Q, e±, gl C Qq/Qq} is defined by: 

• an appropriate choice of grade one constant elements e± G Q±i. 

• The 0-grade group element D = expiQo) contains all fields R{z, z), (pi{z, z), ip^z, z), xi^y ^) 
etc. appearing in (|Ll|), (13), (|jD. 



When Qq has an invariant subspace Qq <Z Qq, such that [e±,^o] ~ 0' consider 
the subfamily of '^singular" integrable models by imposing the subsidiary constraints 

Tr{D'^dDg^) = Tr{dDD-^g^) = (2.8) 

allowing to eliminate the degree of freedom associated to Qq. 

Finaly, with e±, D = exp{Qo) and the subsidiary condition (p.8|) we can construct the 
desired Lax connections A, A according to eqs. (p.4|). 



6 



The answer to the questions concerning the derivation of this recipe, its equivalence to 
the Hamiltonian reduction (Drinfeld-Sokolov) procedure and the two loop gauged H_\Gl^^ ® 
G^'^ / Hj^ WZW models as well as the classification of the grade one integrable models can be 
found in refs. The A^^-dyonic model (|1.1|) in consideration corresponds to the following 



specific choice of the grading operator 

n 

Q = nd + J2\r H^'\ [d, E^J>^] = pE^J>\ [d, h^^] = phf\ p = 0, ±1, 



1=2 



The grade one constant generators e± are those given in eq. ( p.5|) and Gq = Xi ■ H'^^\ 

2.2 A^^^- Vector Model. As we have mentioned, there exist two inequivalent ways (axial 
and vector) of gauge fixing the local U{1) symmetry generated by the currents {Jx^.h, J\i-h) £ 
Qq. The details concerning the derivation of the axial and vector Lagrangeans, and 
( |1.3|) from the ungauged one ( |1.4] ) are presented in our recent paper [|15]. The problem we 



address here is about the nonlocal change of the axial variables ip,x,'^i into the vector ones 
A, B, Ci- Observe that both, the axial model eqns. as well as the vector model equations 
of motion 



ddci = m y Aqc2 ■ ■ ■ c„_i j , ddcn-i = m 

ddck = I I , /c = 2, 3, • • -n — 2 



2 

,Cl ■ ■ ■ C„_i Cn-2 





Ck Ck-1 



8A \ AdAdB 



^(t^) =- T75T? + ^'c?C2---c„_i (2.9) 



'\-ABY ci---4_i 
BdAdB 
'\-ABY 

can be written in a compact form 

d{D-^dD) + [e_, D-^e+D] = 0, d{dDD-^) - [e+, De_D-^] = (2.10) 



For the axial case we take D = Da G go in the form (|2.6| ), or equivalently in the following 
matrix representation 



d=( '''' ^^^'"^'^ ^ (2 11) 

Eliminating further the field R according to eqns. (|2.7|) we derive eqns. ( p.l|) from ( p.lO|) 
and (|2.7]). The parametrization of D G SU{2) U{1)"'~^ appropriate for the vector case is 

= [q (i*^ 1 ) ' "^""^ ^ diag{ci, ■ ■ -Cn-i) 
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A 

AB-l 



U 
B 



(2.12) 



MClC2---C„_l ClC2---C„_l 



where the nonlocal field u ( the vector model analog of R) is defined by the following first 
order equations 



din {uci 



AdB 



l-AB 



dlnu 



BdA 



AB 



(2.13) 



Starting from eqns. ( |2.10[ ) with D = Dy and taking into account ( ^.13| ) the result now is the 
vector model equations (|2.9| ). It is then clear that comparing axial and vector parametriza- 
tions of D, i.e. Da = -D„ we arrive at the desired axial-vector change of variables 



/3V 



A, 



UA 2n , 



= ■ ■ ■ Cn-lA " , 



k 



n 



1 



2n 



UC1C2 ■ ■ ■ Cn-l 

Equivalently the reverse vector-axial transformations are given by 



(2.14) 



A 

± 
X 



u = u 



B 



-PR 



(l + /3Vxe-^^^; 



f C1C2 ■ ■ -Cn-l 

V AB-l 



(2.15) 



One can easely check that inserting (|2.14|) in eqns. ( p.l|) gives the vector model equations 
( p. 91 ). It is worthwhile to mention that axial gauge fixing corresponds to the elimination of 
the field R from Qq constraints, J\-^.H = J\i H = 0, i.e. eqns. (|2.7|) in this case. In this 
language, the vector gauge fixing is equivalent to the elimination of another field ^ = 
from the same constraint equations. 

Performing the above change of variables in Cy we find the following relation including 



the so called generating function |]T5[ JF: 



^ = i- f dRdln(^) - dRdlni^ 



dt 2(3 \ 



(2.16) 



It is not surprising that the same relation ( p.l6| ) appears as a result of abelian T-duality 
transformation between the axial and vector IM's in consideration (see Sect 3 of ref. ||15|| ). 
Denote by 6^ = —^In (for the axial model (|l]l|)) and Q = -^InA = 2R (for the 
vector model ) the corresponding isometric coordinates f\ and by Ilg and 11^ their conjugate 
momenta. As it is well known |15] , the following canonical transformation 



-dj, Ue = -dj 



(2.17) 



(and all remaining U^- , unchanged) acts as T-duality transformation with generating 
function JF[28|. Then, the relation ( p.l6| ) between vector and axial Lagrangeans is a simple 
consequence of the fact that both Hamiltonians are equal, i.e. Ha = Hy. Therefore the 



a and 9 6 + d are symmetries of Ca and Cy, that coincides with their global U{1) symmetry 
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nonlocal change of variables ( |2.14| ) represent an integrated form of the T-duality transfor- 
mations (|2.17|) accompanied by certain point transformations of the rest of the (nonisometric 
) variables v^fc ^ Cfc = fk{<^i, R). 

2.3 Symmetries and Vacua. It is important to note that both, the Noether symmetries 
of eqs. (|2.1| ) ( and Ca in (|1-1| )), as well as the multiple zeros of the potential (|1.1|) 

1 



Va 



Tr{e+De^D-^) 



rn^n 



(2.18) 



are encoded in the algebraic data: {Q, e±, Qq). Writing the field equations ( p^.l| ) in a compact 
form (|2.10|) and taking traces with /iq, we verify that all the elements /ig of C Go {[ho, e±] = 
0, i = 1, - ■ ■ , Kq = dim Qq ) generate continuous symmetries of eqn. ( |2.10| ) 



(2.19) 



In our case Kq = 1, hQ^^ = Ai ■ H^^^ and the above transformation is a global U{1) (electric) 
symmetry of (|1.1| ) mentioned in Sect. 1. For imaginary coupling /3 = i/So , the A^^-dyonic 
Lagrangean ( |1 . 1| ) ( as well as the potential (|2.18| )) are invariant under the following discrete 
group transformations 

271 I 



I 



n 



^, X 



(2.20) 



for an arbitrary integer and Sa,a = 1,2 are both even ( odd) integers ( i.e., si + S2 
25", Si — S2 = 2L'). It is also invariant under CP transformations {P : x —>■ —x) 



II I II 

It is convenient to parametrize ip and x 
1 ' 



(2.21) 



I 2n 
n + 1 



smh.{l3or) 



X 



J_gi/3o(|'/'i- 

Po 



I 2n 
n + 1 



in terms of one noncompact (r) and two compact {ipi, 9) fields following the tradition of the 
3-D black string constructions 0. The ipiX discrete transformations ( |2.2(]| ) and ( p.21|) then 
take the form 

r, & = e + ^L', 



9' -- 
9" 



Po 



(2.22) 



with L' and L" arbitrary integers. As a consequence of (|2.2CI| ) and (|2.21|) our dyonic model 
( |1.1|) possesses together with the trivial classical vacuum solution D = 1,{N = Q^ipi = 
0,'?/'x = 0,ln- = const., V{D = 1) = 0) an infinite set of new distinct vacua 



(N) 



Po n 



r 



(0)^0, 



-in 



2Po 



Wo 



L = 2L" - L' 



(2.23) 



^our n = 2 "free" C (i.e. = 0) after an appropriate field redefinitions (reflecting another U{\) gauge 
fixing ) and with the counterterms (7.9) and (7.10) included coincides with the euclidean 3-D black string 
ofref. [EtI. 
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This provides a new set of allowed boundary conditions for the fields at x ±00: 
(^S^)(±oo) = 1^^, r(±oo)=0, ^(^)(±oo) 



(i.e. ijj{±oo) = x(=too) = 0, but ^(±00) 7^ 0). The multiply degenerate vacuum of our 
axial integrable model is an indication that it admits finite energy topological solitons 
solutions interpolating between two different vacua {N±,L±): = — N_{mod n), jg = 
L+ — L_. Due to the U{1) symmetry (|2.19|) {Kq = 1) such solutions might also carry 
nontrivial electric charge: 

Qtf = r dxJlr = 2/9o /" dxd^R, = ^Poe^^d.R (2.24) 

J —00 J —00 



where R is defined in (p.7|) . The topological current 

j^'^- = f3,e^'^dj{= ^^e^'^dM^)), Qr = ^, je = 0,±l,--- (2.25) 

appears to be T-dual to the electric current J^i^'^^ (see Sect. 2.5 and ref. [0). It plays the role 
of electric current in the T-dual model (11. 3|) that generates the global U{1) transformation: 
A' = e'<A,B' = e-'<B,c'f, = e-'^^oc^. Similarly to the free case, {V = 0), |2§ the 
currents J^i""^, Jg'""^ ( and their conjugate "coordinates" 9 and 2R = 9) form a canonical 
pairs 

{lj°r(x,to),%,to)} = -ma:,to),-^Jr^(2/,to)} = 5(a:-2/) 
but {Qlf,Qg^} = 0. Note that the other topological currents 

fj, 2"^. fQp 1"°° g 4:71 

Jk ~ 1^^^ dufk, Qk — / Jkdx = kQmag, Qmag = ~^j'fi (2.26) 
Po "'-oo Po 

( Qmag stauds for the magnetic charge) are not T-duals to the corresponding currents 
( ^.14| ) of the vector model ( |1.3|) . 

The origin of the discrete symmetry ( p.2(]| ) is in the following continuous symmetry of 
the 1/ = free model (ITTD 



f'k = fk + ak, ip' = x' = X, k^l 

ip\ = ipu ^' = e'<^, x' = e-'<x, / = l,2,-,n-l 



broken to ( p.23| ) when V 7^ is added. It is important to mention an interesting relation 
between the two U{1) currents J^^, J^^ and the topological current J^^ = e'^^d^ipi which, say 
for n = 2 ,reads 

J,^ = 26^^^^ - 2/^:^ (2.27) 

2.4 Topological 6'-term. Although eqn. ( |2.271 ) takes place in the = model only, the 
fact that the electric charge gets contributions from the topological charge Q^{^ persists in the 
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general case where V" 7^ ( |1.1D as we shall show on the example of the 1-soliton solutions in 
Sect. 3. As one can expect the dyonic properties of our model (|1.1|) are consequences of the 
CPT breaking term £^l-^^^;^g-«/5o¥'i _ ^£,cpt which, by the following change of variables, 

11)0 = e~'^^'^'^ip, xo = e'^^'^'^x reads, 

A (3o{n + l) % /3o(n + l) ^jq 

The pure topological term 

/?o(n+l) V V'o ) n + l 

(being a total derivative) does not contribute to the equations of motion (p.l| ), but makes 
evident the top-charge contribution to the electric current ( |2.24] ), 5J^i = -^^(^oe^^dyipi. We 
further observe that the specific value of the coefficient multiplying the topological current is 
irrelevant since one can make it arbitrary by adding to the original Lagrangean ( |1 . 1|) certain 
"6'-type " topological terms [] 

5Cl^ = E ^ke^'^d.^udM^) (2.28) 
87r2 ^ 

where are arbitrary real constants. As a result, the improved electric current ( calculated 
from Limpr = ^ 5Ctop) has the form 



^3 n-l 

J'eCLvr = W.e^'d.R - f^e^^ ^ ^^^^^^ (2-29) 



k=l 



Therefore we find that Qgf is shifted by z/j^: 



/oo Z/D 1 ' . 

J°X,A = - v^J^, i^=-Y.k^k, j^ = 0,±l,---,±(n-l) (2.30) 
-00 ZTT TL 

Similar phenomenon takes place in the open string with one compactified dimension (say 
X25 = 6 = ^In-) and boundary (Chan-Paton) term included ( see Sect 8.6 of ref. |l30[| ). 



2/3"' X 

The string momenta P25 gets contribution from the boundary (Wilson line) term ASgtring 
i § ^25(-^j)'^-^25- Such similarity is not occasional, since in our case the electric current J\ 
coincides with the momenta TIq conjugate to the "field coordinate " 9, which for 1-soliton 
solutions (|4.9|) turns out to be periodic. Then the ^-term (|2.28|) we have added to the 



ax 
el 



original action (|1 . 1| ) can be rewritten as the Wilson line of certain background gauge field 
Aa{Xk){a = 1,2,- - -n-l- 1 and Xfc = {^9^, ^, /nA}, A; = 1,2,-- - n + 1): 



^3 top 



J d^z6Clp = (i^) f'^tu.ipAe = fdOAeiXk) (2.31) 



^We restrict ourselves to consider SC^^p in a particular form ( 2.28 ), although one can include more 6'-terms, 
say, I'ijd^ipid^ipje'^'-'^ + I'iQe'^''' df^(pid„lnA + • • •. The only contribution to Q^i comes from ( 2.28 ). 
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i.e. Ae = Yli=i ^iVi ^"^^ = for a 7^ 6. Therefore our specific f/(l)" ^ linear gauge 

potential Aa{X) corresponds to constant " electromagnetic field " Fab = daA^ — di,Aa, i.e. 
Fei = z/j and all the other components vanish. 

2.5 Axial vs. Vector 6'-terms. The shift of the electric charge Q'^f Q'^f — 
induced by the topological term ( |2.28| ) together with the fact that Qq^ is equal to the vector 
model electric charge Qli (i.e. Q'^i.Qf^ — >• Q^^QIi by T-duality) addresses the question 
about the changes in Qq^ caused by ( ^^.281 ). Its answer requires the explicit form of the 
vector model 6'-term, that corresponds to the axial one ( p. 2^ ) via T-duality transformation. 
Applying the axial-vector change of variables ( |2.14| ) in eqn. ( |2.28| ) results in a nonlocal 9- 
term (including u) for the vector model. This is an indication that one should consider new 
canonical transformations (more general than ( 2.17 )) in order to have local 6'-terms for the 
vector model. Therefore we choose 



n— 1 n— 1 



fc=l k=l 



= 2fl, (2.32) 

as new isometric coordinates. Next, we define the standard (T-duality) canonical trans- 
formation ( p. 171) in terms of the new isometric coordinates Oimpr, Oimpr and their conjugate 



momenta (together with the point transformations in the first line of eqn. ( |2.15| )). In order 
to simplify the calculation we seek for the vector 6'-term in a form: 

^^top = E ^^'"9,^^ i^'^--- cn-i) djn (I) (2.33) 

The consistency with the "improved" T-duality transformation (with Oimpr, Oimpr) determines 
the unknown constants a^, Ofc, Oq and 7^ as follows: 



= 02 ^n-i — -( 7T, — = - = --TT^ k,l = l,2,---,n-l 2.34 



As it is well known the U{1)- currents and the and topological currents of the axial and 
vector models are related as follows: 

^el,impr ~ PoC'x'Jimpr — ^ el,impr ~ HOCx'Jim.pr — •J0 [Z.OD) 

The corresponding charges calculated from the Lagrangeans with ^-terms and by using the 
explicit form ( |2.32| ) of Oimpr ( and Oimpr) indeed coincide, 



QZmpr = QT = Qtf - ^^'^^ QZmpr = QT = Qo + 2vr7J^, (2-36) 
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The new parameters 7, 70, and v are defined by 

n— 1 n— 1 n— 1 n— 1 

7 = - ^7fc, 7o = XI 7fc, = - I] ^i^fc, v^ = Y^ 

^ A:=l fc=l ^ A:=l fc=l 

and satisfy tlie following relations 

, 87r2 Stt^ 7 ^ To'^ ^vx 

7o - 7 + ^ 

Eqns. (|2.3?1 ) are direct consequence of the above definitions and eqns. (|2.34|) . Finally, the 
shifts in the charges due to the 6'-terms take the form: 

Qel,impr — Qel 27l''^^^ QdAmpr = Qd + ^^§^2 5 Qo = Ij^jd (2.38) 

2.6 More discrete symmetries. The "translational type" (y^^, ^)-symmetries ( p. 20 ) 
that allows us to determine the vacua lattice {ip\^\6^^'^) ( |2.23| ) does not exhaust all the 
discrete symmetries of the A^^-* dyonic Lagrangean (|1.1| ). By analogy with the Sn symme- 
tries of the A^-abelian Toda models one expects certain 6')- "rotational" symmetries to 
take place. It is easy to verify that the vector model ( |1.3|) is invariant under the following 
transformation 

A' = B, B' = A, 4 = , k=l,2,---n-l (2.39) 



The derivation of their counterpart that leaves invariant the axial gauged model ( |1 . 1| ) is 
however far from obvious. We start with the observation that the eqs. ( p. 10 ) as well as the 
potential ( p.l8| ) remain invariant {V{D') = V{D)) under the transformation 11: D' = Il{D^^) 
with the following properties: 

n(e+) = e_, U{E^,) = Euia,) = = 1 (2.40) 

combined with the space reflection P: Pd = d, P^ = 1. The next step is to explicitly 
construct 11 with the above properties in terms of the elements Wk = Wa^. , {wkP = P — (a/c • 
P)ak) of the Weyl group of Define a composite transformation (n > 3), 

T-r(n=2j) _ .j+2.j+3 ,2i-l,2i 
iiO — fj+l^j ■ ■ ■ M f^S ) 

yr{n=2j-l) _ .j+l.j+2 .2j-2.2j-l „■ _ o q 
ilQ — ^j+l^j ■ ■ ■ ^4 ^3 5 J — ^) "J) ■ ■ ■ 

where t\ = wiwi-i ■ ■ ■ Wk+iWkWk+i ■ ■ ■ wi-iWi, I > k,t^ = Wk- One can prove by induction its 
main property, namely 

r(")/'^, A _ ^, tt(")('^, a _ ^, I ^, I I ^, tt(")/ 



n^^(«i) = ai, ^(^2) = «2 + "3 H = -"n-i+3,^ = 3,4, ■ ■ -n 

,(fc)x _ p(fc) 

P > ~ ^no(/3) 



Since no(£^i'^^) = E^\g^ we realize that 



no(e+) = m [e^X + E^ + ■ ■ ■ + + E^^ + 



(0) 

n 
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Remember that Ej^^ can be represented as Ej^^ = A' (S) E''^^ and d = X-^. We next define an 
operator T3 = A2 ■ H^^^ + 2d such that 

n{E%) = e-'-(A)T3^(i)^e^n(A)T3 ^ 1^(1)^ ^ ^(0)^ 

A 

+■■■+«„) = ^-^a2 + -+an = -^i2+''-+an' ^(-^iofc) = -^iofc' /c = 3,4, ■ ■ - n 



Therefore 



and as a result we find that the operator 11 has the form 11 = QUq. 

Taking into account the exphcit parametrization ( p.6|) and of Da we derive the 

following field transformations obtained from D' = Il{D~^), 

(p'^ = (fn-k+l-^l n l^i^o), /C = 1,2, ■ ■ ■ ,n - 1, iPn = 

pn 

R' = -R+ ^/nAo, Ao = 1 + P^tpxe-^""' 

1 — 71 1 — n 

i)' = -V^e-^'^iAo'" , X = -xe"'^'^'Ao'" (2.41) 

They leave invariant the potential: K(D') = V{D) and combined with P (i.e. PII), generate 
symmetries of the action (|1.1|) . The Lagrangean ( |1.1|) transforms modulo total derivatives 
C{D') = C{D) + a^L^, (see Sect. 8 of ref. fig). We have to mention that ( pliTI) can be 
obtained from the vector model transformations ( p.39| ) applying the axial-vector (non-local) 
change of variables ( |2.14| ). As we shall see in Sect. 3, the discrete symmetries ( |2.41| ) play a 



crucial role in the derivation of the first order " solitonic " equations 

2.7 Weyl families of IM's. The algebraic (Weyl group) constructions used in the 
discussion of the discrete symmetries of ( |l.lj ) addresses the question of whether the remaining 
Weyl group elements ( or their specific combinations including, say Wa^, etc. ) act as 
symmetries of our model ( |1 . 1| ) and if not, whether the Lagrangeans obtained represent new 
integrable models. This problem appears to be the nonconformal generalization of the Weyl 
families of conformal non-abelian Toda models constructed in ref. ( see Sect. 8). The 
simplest transformation D' = Wai{D) is not a symmetry of ( |1.1| ). It has the following 
components form (D' = ("V^o; Xo; V^oi)) 

pn 

^ = xoe^^'Ml+/3VoXoe'''^«^)-'^ 



V^oe^^"^(l + /^VoXoe^^'")-"^ (2.42) 

As a result of this change of variables the Wa^-image of ( |1 . 1|) is an integrable model with 
Lagrangean C^^^ , 

r ^ ^ ^ ^ dxod^lJoe^^'' 



X 
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2 / n-1 > 

— ( g/3(-2¥?oi+¥'02)^]^ _|_ ^2^^^^g/3v5oi ^ _|_ g/^Cvoi+V'On-i) _|_ ^ g/3(m— i+'/'Ofc+i-Sipofc) _ ^ 



fc=2 



where (/9on = 0. The other Weyl group elements and their combinations lead to trans- 
formations similar to ( |2.42| ), thus producing new families of classically equivalent integrable 



models Cuj^.. Hence we can conclude that PH-transformation given by eqns. ( p.41|) is the 



unique (affine) Weyl group transformation leaving (|1 . 1| ) invariant. Contrary to the abelian 
affine Toda theories all the other Weyl transformations (different from 11) are not symmetries 
of ( |1 . 1|) , thus giving rise to new phenomena- Weyl families of IM's. 



3 Soliton Equations 

3.1 Vacua Backlund Transformations. Consider two arbitrary solutions Di and D2 of 
eqns. ( p.lOl) . The corresponding Lax connections A^{s) = A^{Ds), s = 1,2 are related by 
appropriate dressing (gauge) transformations 0±: 

A'^{2) = Q±A^{1)Q±-' + {d,Q±)Q±-' (3.1) 

They leave invariant eqn. (|2.2|) together with the linear problem 

9, -<(/},)) T(D,) = 0. (3.2) 



The relation between the monodromy matrices T, = T{Ds) = P exp{§ A^ dx^) has the well 



known form 18 



T2 = e±Ti, e+Ti = Q-T,gi''^ (3.3) 

where go^^ is a constant element of the corresponding affine group. The strategy in deriving 

the infinitesimal Backlund transformations Di < > D2 consists in the following a) First 

solve eqn. ( |3.2| ) for 0±(-Ds) and b) find first order differential equations for by substi- 
tuting these Q±{Ds) in (|3.1| ). In the case of A^^- Abelian affine Toda theories [|^, and 
for all non-abelian Toda theories based on Ai'\ the realization of the above recipe is quite 
straightforward. We find that 

e+ = x(l + {DiX)-^YD2) (3.4) 

and the corresponding Backlund transformations take the following compact form 

D^^dDiX - XD^^dD2 = [D^^YD2,e^] 
{dD^)D^^Y -YidD2)D^^ = [D^XD2\e+] (3.5) 

The constant elements X(A, a^), F(A, 6j) of the universal enveloping algebra of (A^^ or 
A^^ in our case), contain all the parameters a^, bi of the Backlund transformation. They also 
have to satisfy the following conditions 

[X,e_]=0, [Y,e+] = (3.6) 
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It is not difficult to check that the second order equations ( |2.1(j| ) are indeed the integra- 
bility conditions for the ffist order equations ( |3.5|) if requirements ( |3.6| ) are fuUfiled. The 
verification of the above statement does not depend on the exphcit form of e± ( and on the 
parametrization of Dg) and therefore is vahd for our dyonic A^}^ model (i.e. e± and Ds given 
by eqns. (|2.5| ) and ( p.6|) ). It turns out however that the simple form (|3.4|) of 0+ takes place 
only for specific g^^ giving rise to 1-soliton solutions i.e. when Di = e*^f'^i'^ = const . 
The derivation of the explicit form of the vacua Backlund transformation {Di =const.) for 
our model (|1 . 1|) includes one more complication. Taking X and Y in the form 



n-l 



X = Xoil + nXo2\i ■ H + J2 ak{e- 



k=l 



Y = YoiI + nYo2\i-H+J2h{e+y 



k=l 



and D as in eqn. ( p.6| ) we have to further impose on eqns. ( |3.5| ) the requirement of 11- 

The re 



symmetry ( p.41|) in order to get a complete system of equations. The result is 

n — k 



dipk 



m 



n 



n-l, (po = 
OR 
dip 
dx 
dx 







n 



-rwyPipx^ ^"5 dR= — —i'X^ ^" 

7 

^-(3'^ilJXe 



1 -2„,,._-/3(^„_i + ^) 



2n 
m 



m 



7 

1 



7 V 2n 



n 



-(3 ipxe 



(3.7) 



where 7 = ^ 



Yoi-Yq2 
02 



and the following chain of algebraic relations should take place 



e ^ is the Backlund transformation parameter 



{3.t 



We have introduced new variables (pkyip and x defined by 



R 

4>k = (fk-fk~i ,k = I,- ■ ■ ,n,(fo = !fn = 

n 

PR _ PR 

ip = e 2"^, x = e ^"X, 01 + 02H 0n 



-R 



(3.9) 
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in order to make evident the paralel with the abehan affine Toda case [^. The algebraic 
eqns. (|3.8| ) are crucial in the proof of the statement that the second order differential eqns. 

are the integrability conditions for the first order system ( p.7|) . In the case of the A^l-^ 
abelian affine Toda model {ip = x = ^ ) fhe analog of eqns. ( p.8| ) appears again as a result 
of the requirement of the abelian analog of the 11- symmetry (|2.41|) , i.e. (0^ = —(pn-k+i) 
of the first order equations. They do not play however the same role as eqns. ( p. 81 ) in the 
non-abelian model (|1.1|) , but are indeed essential in the derivation of 1-soliton solutions^ 



25 



It is important to mention that, although our first order system ( p.7| ) has rather com- 
plicated form ( including the non local field R) it can be obtained from the simple solitonic 
equations of the vector model (|5.1|) and 



r2D applying the integrated form of T-duality 
transformation (|2.15|) . The same is indeed true for the corresponding 1-soliton solutions. 

3.2 Soliton Spectrum. The main virtue of the vacua Backlund transformation {Di = 
const. ) (|3.5| ) is to provide an elementay proof p5[ of the topological character of the soliton 
energy and momenta ( and also of the electric charge and the spins , in our case). The key 
point is that the derivation of the particle -like soliton spectrum (M, Q^i, Qe, Cf^i s) does 
not require the explicit knowledge of the 1-soliton solutions. The conserved charges depend 
only on the asymptotics of the fields at x — *■ ±cx) and the specific ^^solitonic conservation 
laws" encoded in eqns. ( ^77|) . In order to extend the arguments used in the abelian Toda 



model |]25| to the A^^^-dyonic model ( |1.1D it is convenient to rewrite eqns. (|3.7| ) in terms of 



variables 0p, tjj and x defined in ( |3.9| 



dip = 

where Ai = 1 + ^P'^ipx^' 



m / 

7/? ^\ 
—'-frmpe 

7 



Pp+i 



1,2, 



9x = — 7mxe^'^^Ai 

— TTl 

dx = -xe-'^'^-^n 
7 



(3.10) 



^f3'^i/jXG^^" ■ We next observe that the first order 



system (|3.1CI| ) (and 
• non chiral 



TD as well ) admits the following "solitonic" conservation laws 



chiral 




Pfe+i 



0, p = l,2. 



0, A; = 1, ■ ■ ■ , n — 1 



n. 



in ref. ]25| they have been used in the form of first integrals e 




(3.11) 



(3.12) 



const. 



^The precise statement is that the soliton spectrum is determined b y th e boundary conditions (b.c. ) 
and by the algebra of symmetries of the first order (BPS-like) equations (3.7) 
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Note that the algebraic relations ( |3.8| ) have been used in the derivation of the chiral conser- 
vation currents ( |3.12| ) and ( 3.13| ). The conclusion is that the complete algebra of symmetries 



of the 1-soliton solutions of the axial model is generated by the Poincare currents 



Ti_ii, (with "charge " the 2-momenta P^) and M^'^'^ = x^T'"^ — x^T''^ + spin matrix 



the 2-d spin-orbital momenta is i dxM' 



rO,oi 



s), the electric and magnetic currents 



Jl^i""^ 1 Jg'""^, Jj^ given by eqns. (|2.24| ),( p.25| ) and (|2.26| ) and by the "internal" currents (|3.11| ), 
( p.l2| ) and (|3.13|) . Leaving aside an interesting problem of deriving the explicit form of this 
algebra, we will restrict ourselves to consider few simple consequences of eqn. ( p.ll|) and 
( p.l2| ), that allows us to find the mass spectrum of the U{1) charged 1-solitons. 
Taking into account eqns. ( |3.10|) and ( p.llD we realize that the potential (|2.18|) 



V 



\k=l 



and the stress-tensor T, 



1 



Toi = 

are total derivatives: 
1 



k=l 
1 " 



k=l 



j2 m,r - id<p,f] + 



2Ai 



2Ai 



dijjdx — dijjdx) 



V 



BF" + , Too = (f- - F+) , Toi = (F" + F' 



(3.14) 



(3.15) 



The F^ we have introduced in eqn. p.l5| ) turn out to be the light cone components F^ 
[F~,F~^) of certain linear combination of the conserved currents (|3.11|) : 



m7 



k=l 



m 



(3.16) 



\k=l 



Hence the energy and the momentum of the 1-soliton decribed by eqns. (|3.10|) receive 
contributions from the boundary terms only: 



E = / Toodx = (f- - F+) \^^, P = / Toidx = (p- + F^ 

J —OO J —CO 

The same is true for the electric charge ( |2.24| ) , (|2.30| ) 

/OO 
J°rrfx = 2/3o(i?(oo)-i?(-oo)) 
-OO 



+ I I °° 



(3.17) 



^ el,impr 



q: 



ax 
el 



p3 n-1 



Vki-oo)) 



(3.18) 
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as well as for the topological currents J^*'"^ and by construction. We fix the asymptotics 
of the fields (l)p,x,ip ( and R) at x — > ±00 by requiring V^I^-^-i-oo = 0, i.e. the solutions 
of ( |3.10|) we seek for to interpolate between two nontrivial vacua ( p.23| ). More precisely, we 
choose, 



277 Z ~ 271 

^i{±oo) = -r-N±, / = 1, 2, ■ ■ ■ , n - 1, x^(±oo) = 0, i?(±oo) = — /± 



[±00) = = (3.19) 



and □ 



where N± and L± are arbitrary integers and f± are real numbers. According to eqn. (|3.9| ) 
we also get 

27r 

n(3Q 

Substituting ( p.20| ) into ( p. 171) for (3 = i(3o we derive the 1-soliton energy momentum spectrum 

n- 



.p(±oo) = — (iV±-/±), (3.20) 



A-771 1 / 

E = ^nsm-{Q:f-(3',Qr. 

imi 1 
— sm — 

Po 4n 



sm a 



P = sin ^ (g:f - P^oQmag) COS a (3.21) 



where a = ^{N+ + — /+ — /_) — z6, 7 = e ^. The soliton charges are given by: 



47r 

= 47r(/+-/_), j^ = iV+-7V_ = o,±l,±2,---,±(n-l), Q^a, = -^j^ 



It turns out that the masses of the charged 1-solitons of the axial model ( |1.1| ) 



4m 



= Vi?2 - P2 = I sin (Q- _ /52g_^)| (3.22) 
Po 4^ 

does not depend on the topological charge Qg^. As we shall show in Sect. 5 the same formula 
( p.22| ) takes place for the 1-solitons of the vector model ( pT3| ) but with Q'^f replaced by its dual 
Qvec ^ -iJ^^dJn{A^) and Q^f^ = -i I-ocdxln{u^) = 0. Note that the 1-soliton spectrum 
of the dyonic model ( |1.1| ) (i.e., M,Qei,Qg,Qk, s, E) depends upon arbitrary parameters f± 
(i.e. on the b.c. of the nonlocal field R). They are not related to the b.c. of the physical 
fields (fi, ip, X and it does not seems to be one of the new internal conserved charges. We 

^°The precise definition of the topological charge Qe for arbitrary complex ip and x is = 
Re{9{oo) — 9{~oo)) , Re6{±oo) = (^Argx — Argipj |±oo.For the 1-soliton solutions it coincides with 

(Hi " 

The complex form of E and P is m isl eadin g. It will be shown below that the chain relations (|3.8| ) 



together with the conservation laws ( 3.11 ), ( 3.12 ) and ( 3.13 ) impose conditions on N± and f± that ensures 
the reality of E and P, (E > 0, as well ) 
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are going to show now that f± represent the value of the following chain of first integrals of 
eqn. {^J§ 



^..-r, _ g^^^u.p^. = ^-iMn _ gi/^o<?i + 02^^^ p = 1, . . . , n - 1 (3.23) 
It is easy to check that as a consequence of eqns. ( p.8|) , and (|3.12|) we have 



— e 



0, d(t 



-i/3o(f>n 



^+/3o^x)=0, etc 



(3.24) 



Combining them with the chiral conservation laws (|3.11| ) and ( p.l2| ) we realize that all the 
members of the chain relations ( p.8|) represent first integrals of the system ( |3.23|) . Thus, the 
only ("zero") mode of the double chiral (i.e., dy = By = 0) conserved currents y = 2isina 
describes an internal conserved charge. Since ( p.23| ) is valid for all x and t applying them 
to the boundary case {t fixed and x — ±oo) we find the following relations between f±, N± 
and a: 

sin —U± - N±) = sin a (3.25) 



n 



The general solution of ( p.25| ) is given by 

271 



n 



if± -N±)=a + 2nS'^ 



(a) 



or 



2tt 



n 



{f± ~ N±) = Sign{a)'K — a + 27rS'± 



(6) 



(3.26) 



(3.27) 



g{a,b) ^ 0,±1,±2,--' 

a-dependence of Qei- 



We chose f± (for cosa > 0) ,such that they provide a nontrivial 



n 



h = — (« + 27r5 
Ztt 



(a)^ 



f- 



n 



-i-{a- 7rSign{a) + 27rS^^^) + N. 
2n 



(3.28) 



(and f+ ^ f-1 for cosa < ) and therefore 



Q 



ax 
el 



TT 



47r(/+ - /-) = An{a - -Sign{a)) + 47rj^, 



7-0,12; , _ Qax _ 



2tt 



(3.29) 



neglecting the term n{S^^^ + S^') in Q'^f since is defined as integer mod 
Taking into account ( |3.28|) we realize that 

sin a = —Sign{a) cosh 6, cosa = —iSign{a) sinh6 

and therefore 

4mn , 



n. 



E = M"^cosh6, P 



-M"^ sinh &, M" 
20 



cosa 



(i.e., > as it should be ). To make the discussion of the spectrum of the f/(l) -charged 
topological soliton complete we antecipate the semiclassical quantization of Qei (see Sect. 
7.1 below): 

Qll =l3lUel + ^3^). Jei = 0,±l,--- (3.30) 

This form of Q^f confirms the arguments presented in Sect. 2 that the electric charge of the 



solitons (and breathers as well p2l) of the axionic model (1.1) gets contributions from the 



magnetic charge Qmag = ^jip- It is important to note that the 1-soliton charges (Qef , Qmag) 
( p.30| ) coincide with the electric and magnetic charges of the dyonic solutions of 4-D 
SU{n + 1) YMH model with CP -breaking 6'-term [E^. The 2-D soliton mass spectrum 



( |1.5| ) however is different from the semiclassical masses Mj^^^ =< > (Q^^ + Ql^iag) 4-D 
YMH dyons. It is worthwhile to mention that the n ^ oo limit of our mass formula ( ^.22] ) 



coincides with the BPS bounds for the masses of particular dyons {Q\i = = Q^\g) of four 
dimensional N = 2 Supersymmetric YM theory [ pl|l . 

4 Electrically Charged Topological Solitons 



4.1 Soliton Solutions. In our derivation of the dyonic properties (|1 . 5|) of the 1-solitons 
of ( |1 . 1| ) we left unanswered the important question : whether eqs. ( ^.Ij ) and ( |3.1(JD possess 
soliton solutions with both charges Qei and Qm different from zero, i.e. 7^ and 
f+ f-. It is indeed the case as we will show by explicit construction of solutions of eqns. 
( p.lOp and ( |3.8| ). We first consider the (f)p,p = 1, - ■ ■ ,n equations. Taking into account the 
algebraic relations (|3.8| ) and (|3.23|) we realize that they can be rewritten in the following 
compact form: 

g (^^iMp^ ^ _^gfe (l _ g2i/3o0p _ 2i sin ae''^""^") 
We next introduce the "solitonic" variables 

p+ = cosh(6)a; — sinh(6)t, dp^ = smh.{b)dt + cosh.{b)dx 
P- = cosh(6)t — sinh(6)x, dp_ = cosh(6)9t + smh.{b)dx 

and taking into account the chiral conservation laws ( |3.12D -( p.l3| ) we get 

5p+ (e^'^o'^'') = m (1 - e^"^"'^" - 2i sin(a)e^^«'^'') , dp_ (e^^«<^f ) = (4.1) 

The general solution of eqns. ( [4.1| ) is given by 



= e^°:^4_ (4.2) 

where Sp are certain integration constants satisfying the recursive relations 

—2ia:izi'K q 

p+1 — 6 Op 
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as a consequence of eqns. 

Sr) 



. I I (|]^). Therefore 



\p-l -2ia 



and eqn. ( [4 .21) acquires the final form 



' l^^g— 2jQ(p— l)g2mcosap+ _j_ ]^ 

With eqn. (^.31) at hand we can write the 1-sohtons in the original variables ipi and R 



(4.3) 



n ^ / 



as follows 



p=i 



gi/3o-R g— m(a— 7rSign(a)) 



n 



p=l 



g-/ _|_ (^_xy-"e^*"'^"~')e'^ 



n-i 5 ^ 1) 



•n — 1 



(4.4) 

(4.5) 
(4.6) 



(e^ + e-^)" (e-^ + (-l)"e2»""e^) 

where 5 is a complex constant, / = mp_|_ cos a + jln{6). The next step is to derive solutions 
for ip and x- Eqns. ( |4.5| ) and ( [4. 61 ) together with the algebraic relation ( |3.23| ) allows us to 
determine the product ipx- 



n-l 

N\ef + e-f)-"^ (e-f + (-l)"e2-"e^) " 
(l + e-2^°)((-l)V^""-l) 



(4.7) 



It turns out that the ratio ^ = ^ satisfies the following simple equations 



dln( — ) = me ^ 
X 

Applying once more eqn. 
is linear 



^g«/3o02 _ 



-il3oct>i 



dln{ — ) = me^ 
X 



|^g«/3o02 _ 



-il3o<t>i 



we find that ln{-) is independent of p+ while the ^-dependence 



Therefore the ratio ^ is given by 



dp_ln{ 



± 
X 



x' 



-2im sin a 



-2i(msin OLp—+q) 



(4.8) 



(4.9) 



where q is an arbitrary complex constant. Thus, eqns. (^4.7| ) and ( [4. 91) completely determine 
the solution of the first order equations ( p.7| ) 



X 



^^g-i(msinap_+g)^g/ ^ g-/)-^ (g-/ + (_l)ng-.^..g 



n-l 

2ian f\ 2n 



n-l 

2n 



(4.10) 
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The 1-soliton solution of the dyonic model ( |1 . 1| ) is presented by the set of functions (of p+ 
and p_) (pD and ( CT )- 



4.2 Soliton Charges. It remains to be shown that these sohtons carry non trivial electric 
and magnetic charges. The simplest way to do this consists in calculating the asymptotics of 
the fields R, cpi, ip, x from eqns. (|4.5| ), ([4.6|) and ( [4.10| ) and further comparing with the values 
( p.l9| ) and |3.28| ) proposed in Sect. 3. We have to distinguish three cases Q: i)cosa; > 0; 



ii))cosa; < 0; iii) sin a = 0, n odd. Taking the limit x — > ±oo in eqns. ( [4.5|) , ( [4.6|) and 
( [4.10| ) we obtain for cos a > 0: 

^K±oo) = ^(LNi + Ki) ,0(-oo) = ^(oo), jg = 
, 27r 27r f na ^ 

fl(-oo) = g^/. = g^(- "'°-f'«"'°)' +gV (4.11) 

Po Po V / 

The arbitrary integers N'^, K]^ and S± are further restricted by the conditions 

1. to provide nontrivial zeros of the potential (|2.18| ) 

2. chain relations and {^71^ 



The simplest solution satisfying 1) and 2) that leads to nontrivial dyonic spectra (|3.29|) (with 
= 0) is given by 

iV^ = N±{mod n), S± = N±{mod n), fsT^ = 

for all / = l,2,---,n — 1 (A^± being new arbitrary integers). The important fact is that 
the 1-soliton solution given by ([4. 51), ( f4.6| ) and ( |4. 10| ) (for cos a > 0) are topological and 
electrically charged, i.e., with both charges Qef and Qm different from zero. Such dyonic 
type soliton combines the properties of the Lund-Regge (complex SG) solitons |lll| with the 
y4„-abelian affine Toda solitons [|17|,||2^. The case cos a < leads again to ( [4.11|) but with 
N'j^ N[_ and /+<-*•/_, i.e. Qei — > —Qei and Qmag —Qmag- Therefore the corresponding 
"particles " can be interpreted as antisolitons. 

4.3 Periodic lumps. The main feature of the 1-solitons with sin a 7^ (and cos a 7^ 0) is 
that in the rest frame v = tanh 6 = 0, they represent periodic in time t, (r = — , = m sin a) 
bounded solutions. Such "periodic lumps" behaviour is familiar from the CSG solitons Ijll] 



and the breathers ( doublet solutions ) of the SG theory [^. It reflects the angular property 
of the phase 2i/?o^ = ^'^l^) of ^he fields ip, Xi (see eqn. (^I^)): 

e{t + T,x) = e{t,x)-— (4.12) 

Po 

and therefore t & Si and 6 & Si. The particle interpretation of the 1-soliton data: center 
of mass X = Re^ln{6), U{1)- moduli q, its velocity v = tanh(6) and the angular velocity 

We are not considering here two limiting cases: a) cos a — since there are no true 1-sohton and b) 
sin a — 0, n even which leads to N"^ = and = x — (i-O- to the An'' abelian Toda model) 
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uj = msina can be borrowed from the CSG model [rT| as particle with internal coordinate 
q, rotating in the q space with constant angular velocity u at the rest frame v = 0. Another 
interpretation comes from the SG breather, as bounded motion of charged particles 



The singular case sin a = 0, i.e. a = sn, s = 0, ±1, ±2, ■ ■ ■ and n-odd (i.e. A^^ 7^ 0) is an 
example of static solitons {v = 0) with charges 



Qmag = ^j^, Qli = ^nTT (^{s - ^)sign{cosa) + 

and degenerate (independent of charges) mass M = ^n. 

4.4 Breathers. It is important to note that the electrically charged topological 1-soliton 
solution of our model do not exhaust all the particle-like solutions of ( |1 . 1]) . The complete 
list of (topologically ) stable 1-solitons, breathers and breathing ( or "excited solitons " ) 
includes together with the above constructed U{l)-charged topological 1-soliton (2-D dyon) 
also the neutral 1-soliton of specie d, d = 1, ■ ■ ■ ,n — 1 {Md, Qmag = ^d, Q'^f = 0, Qg^ = 0, 

Po 

i.e. monopole ) and their bound states: 



The v4^^2i abelian affine Toda breather (two neutral vertices [17]) and the "excited 
solitons " . 



The (NA Toda ) three vertex breathing P2| describing the one charged 1-soliton and 
one neutral (d) 1-soliton bound state. 



• The four vertex charged breathers [g^ describing the bound state of two charged 
topological 1-solitons. 

The explicit construction of all these solutions for the axial model (|1 . 1| ) as well as their 
spectrum are presented in our forthcoming publication p2|. The method employed in p2 



is a slight modification of the standard (abelian Toda ) "vertex operators " ||T8l (or soliton 
specialization ||T^ or Hirota r function [^) method adapted to the case of the singular Non- 
Abelian affine Toda models ( |1 . 1|) and (|1.3|) . The 3- vertex breather represent an interesting 
example of U{1) charged particle-like solution carrying both topological charges j^p and 
jo = ±1 (remember that jg = for our charged solitons ( [4.5|) , ([4.6|) , (|4T0| ) ) p^ : 



Qd = ^l\Jel + l^{3^ + d)y Qmag = ^{j^ + d) 



0^ 

Qe = ^Ue + ^IJ^), Je = ±l ; j^, = ±1, ■ ■ ■ , ±(n - 1). (4.13) 



Due to the fact that Qq^ 7^ is the T-dual of the vector model electric charge Qlf^ ^ (Qgf 
is the dual of the vector model topological charge Q^^ = —2i J dxdJn{A)), this solution 
plays an important role in the understanding of the T-duality relations between the discrete 
spectra of the axial and vecor IM's. 
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5 Vector Model Solitons 

5.1 First order Equations. Taking Di = Dy, D2 = e'^^i'^ and X = XqJ + nXo2Ai ■ H + 
Efc=i afc(e-)^ Y = Yoil + nFo2Ai ■ H + Efc=i &fc(e+)'' in eqn. (p|) we derive the following 
incomplete system of first order equations 

/ , ^ ^ . rn (1- AB) 







my 




my 




my 


\Cn-l 



^ — Tfl 

dln{ci) = my [ — - AciC2 ■ ■ ■ Cn-i ] , dln{ci) = — (ci - C2 
dln{ck) = my I — — 1 , dln{ck) = — [ck - Ck+i) 



y C1C2 ■ ■ ■ c„_i 
m 

7 

(Cfc - I 

7 



dln{cn-i) = my ( ^ —] dln{cn-i) = — ( c„_i — ) (5.1) 

/ 7 V '^l'^2 ■ ■ ■ Cn-2 J 

k = 2, ■ ■ ■ ,n — 2, where 7 = ~~ = (X01-X02) = ' ' ' = is an arbitrary parameter related to 
the soliton velocity v. We next impose the condition of invariance of ( ^.1|) under the discrete 
symmetries ( |2.39| ). It requires that the equations 

Bb = --{1- AB)ciC2---Cn-u dA = my^^—^^ (5.2) 

7 Ci---C„_i 

and the following chain of algebraic relations 

Mc....c„_,-c,^l-c.^...^^-c„_,^J ^ (5,3) 

Cl Cn-2 C„_i C1C2 ■ ■ ■ Cn-l 



to be satisfied. An easy check confirms that each set of A, B, Ci that solves (|5.1|) and ( |5.2| ) 
and 

B , 1 . X 

h v4ciC2 ■ ■ ■ Cn-1 = h Cl (5.4) 

C1C2 ■ ■ ■ C„_i Cn-1 



satisfies the second order equations (2^) as well. The remaining algebraic relations ensure 
the compatibility of ( |5.4D and ( [5.1| ), ( |5.2| ), i.e. they can be obtained by differentiating 



and then simplifying with help of (|5.1| ) and (|5.2| ). 

5.2 Solitons. An important property of the first order system ( ^.1|) and (|5.2| ) is the 
existence of specific "solitonic " conservation laws: 

• nonchiml 

d{yAciC2---Cn-i)+d(-c\ = 0, d(^]+d(- ]=0 

\1 J \Cn-l \lCiC2---Cn-l 



0, A; = l,2,---,n-l (5.5) 
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chiral 



-fd + -d]d = 0, d = A,B,Ck 
K 7 / 

-^d]u = 0, u= ^(^^^^■■■^^-/' (5.6) 
V 7 / (AB-l)^ 



As a consequence of (|5.5|), (|^) and (Of) we find that 



d ^-^ - =0, d {AciC2 ■ ■ ■ Cn-i - ci) = 0, etc. 

and therefore all the members of the chain ( p.3|) represent first integrals of the system (|5.1| ) 
and §^y. 

1 , IS , , 
Ck+i = y, AciC2- ■ -Cn-i - ci = y, = y (5.7) 

Cfc C„_i C1C2 ■ ■ ■ C„_i 

where y = 2isina is an arbitrary constant. We next substitute (|5.6| ) and ( ^.7|) in eqns. 
( p.l| ) and ( |5.2| ) resulting the following set of 2(n + 2) first order differential equations for 
A,B,Ck,u: 



dp+Ck = 2m'j [l - Ck - bck) , dp_Ck = 

dp,A = ^(l-(-irM^-A(«r^) + «("))), d,_A = 
Op+u = 0, dp_u = — —u 
where ai!'^ = —^fllllifiilif^iill. The equation for B is similar to the one for A. The following 

" cos a ^ 



algebraic relation 



B 



1 - af^A 



holds. In fact, one has to solve equations for only since A and B can be obtained from 
(^.3|). Applying once more the methods used for the axial model ( |1.1| ) in Sect. 4, we get the 
1-soliton solutions for the vector model (|L 



-/ _ /I \k-n 2ia{n-k-l) f 
= piia-TTSign{a))^__}_jJ__^ ^ 

e-/ + (-l)fc-"e2»"("-fc)e-/' ' 

p-/ _J_ \n 2ian f 



g-/ _^ (_]_)l-7ig2ia(n-l)g/' 
^ — g-j(mp_ sina+g) (g ^ 
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where / = p+mcosa + jln{6) 

5.3 Soliton Spectrum. The U{1) symmetry 

A' = e'<A, B' = e-'<B, 4 = e 



Ck 



of Cv ( |1-3|) gives rise to the following "electric" conserved current 



Jel = ^ I i_AB 9Hn{ciC2 ■ ■ ■ Cn-i) 1 (5.9) 

As in the axial model {J^i"'^ = 2f3Qe^^ dpR) it can be realized in terms on the nonlocal 

field u (or u) from eqns. ( |2.13| ) and (pTB|), i.e. J'^i^^'^ = —ie^^ dyln{u^) . The corresponding 

electric charge 

/OO /"OO 

ffdx = -i / dxdjn{u^) (5.10) 

-OO J —OO 

vanishes for the 1-soliton solutions (|5.8|) , i.e. Q^f^ = 0. Observe that according to the 
axial- vector change of variables ( 2.14| ) we have 



X {AB-iy 
and therefore the electric current J'^i^^'^ of the vector gauged model is T-dual (see ref. 



||15| ) of the topological current Jn'""^ = —^e^^dylni-) = i^J'^f^'^ of the axial model (O 



(remember that Qq^ = for the 1-soliton solutions of the axial model ([4.6|) and ( ^l.lOp ). Next 



step is to recognize that the b.c. (i.e. a) dependence of the vector model soliton spectrum 
(^]\/[vec^ ]^vec^ Qujc^ Q^^^ Qmag, s^'^^) comcs uow from the topological current( for cosa > 0) 

/OO jr 
dxdJnA^ = An{a - -Sign{a)) + Anj^ (5.11) 
-OO 2 

It turns out to be T-dual fl^ to the axial model electric current J^i""^ = 2(3Qe^"dyR. It reflects 



the fact that the vector model fields A and B have nontrivial asymptotics at a; — > ±cx3, 

A(+oo) = e'"" = Q^^^y A{-oo) = e-^"("— = -^^^^ (5.12) 
The origin of the symmetries generated by the current J^'^^'^ is similar to one of the axial 



model (|2:20| ) 



A' = e'^'^A, B' = e'^'^B, 4 = e'^^Cfc 

s\ + S2 = 2K, si — S2 = 2L. One might find contradictory the continuous a dependence 
of the topological charge Q^'^ (|5.11| ). In fact a should be quantized, i.e. a — ^Sign{a) = 



^{jei — ^j<p), as we shall see in Sect. 7. 
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The remaining (true) topological charges Qk (i.e. the vector analogs of Q^"^, = 
^e'^^du^Pk ), can not be defined as Qa: = / dxdxln{ck) since the asymptotics of Ck include 
certain a dependence, as one can see from eqn. 



Taking into account the axial-vector transformation (|2.14| ) and the vector model 1-soliton 
asymptotics (|5.12| ) and (|5.13|) it is easy to check that 

—ln{ckCk+i ■ ■ ■Cn-iA^)\±oc = -5 — N±, A; = 1, 2, ■ ■ ■ ,n - 1 

Po Po n 

and N± are arbitrary integers. Hence we can take 

Qk = IT / dJn{ckCk+i ■ ■■Cn-iA " ) = -T^j^ = Qk (5.14) 
Po "'-00 Po 

It is important to note that although the zeros of the vector model potential (i.e. its vacua) 
are again labeled by two integers (L, N) the vector 1-solitons ( [5.8| ) interpolating between 
two vacua with both L and N different from zero , jg = — L_ 7^ (see (|5.18|) ) , 
jip = — 7^ contrary to the axial model charged solitons ( [4.6| ) and ( [4.10| ) that have 
Qg^ ~ L+ — L_ = 0, i.e. relates the trivial vacua (0, 0) to (0, A^) (for z/ = 0, i.e. without 
topological ^-term). 

The derivation of the 1-solitons energy E'"'^'^ and momentum P^'^'^ is similar to the axial 
case presented in Sect. 3. The main tools are again the soliton conservation laws ( p. 51 ) and 
( p.6| ) that allow to show that Tq^^ and Tqq'^ are indeed total derivatives. Thus, we find that 
the E'"'^'^ and P"^'^ are certain functions of the asymptotics of fields A, B, Ck (|5.12|) similar to 
the axial E and P (^2^ and replacing Q^f by its dual Qf"", 

A-fiTfl 1 

= -5^1 sin — (Qr - PlQmaa)\ = (5.15) 
Po 4^ 

In order to complete the analogy with the axial model soliton spectrum (including u 
and 7) we have to add a purely topological CPT-breaking term to the CPT-invariant vector 
Lagrangean ( [OD Cimpr = ^vec + SC^^, 

n—l A 

^^Ip = E -^^'"dMck ■ ■ ■ cn-i)djn{-) (5.16) 



k-. 



Although the equations of motion remains unchanged SC^^p contributes to J^i^^'^ (i.e. to 
Jg*'"^) as it was explained in Sect. 2. 5 : 

/OD 
dxOimprdx = Qg^ + 47r7j^ = Qg^impr 
-00 

_J.9^mprdx = Qtf - (5.17) 
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Qvec 

Taking into account that "•"^^'^ is a topological charge, i.e. 

Po 

^QW = 2^^'^-' J.- = 0,±l,±2,--- (5.18) 

we find 

QT = PoUe + ^J^) = QtfUei - Jo) (5-19) 

The complete discussion of the T- duality relations between the solitons and breathers spec- 
trum of the axial and vector models requires further investigation. 



6 Soliton Spin 

6.1 Weak coupling spectrum. The fields (and particles) in 2-d relativistic theories belong 
to certain representations of the 2-d Poincare group, V2 = 0(1, 1) ® T2. As one can see from 
its algebra: 

[Moi,P±] = ±P±, [P+,p-] = 

the Lorentz boosts Mqi and the mass operator 2P+P^ provide a set of mutually commuting 
operators. Their eigenvalues (s, M^) are used to characterize the V2 representations. For 
example, the field (j)[s){z,z) of Lorentz spin s tranforms under 0(1,1) Lorentz rotations : 
z' = e^z, z! = e~^z {6 real ) as 

(l>l^{z,z) = e^^o^e-'^"^ = e^'<Pis){z',z') 

or infinitesimaly, 

[Moi, (j)(s){z, z)] = (^zd -zB + s^ 4>{s){z, z) (6.1) 

In V2 invariant theories Mqi appears as 0(1, 1) Noether charge in the well known form 
iMqi = J^^xToodx. Taking the explicit form of Too (say, (|3.15|) ) in terms of fields and their 
momenta and using the canonical commutation relations it is straightfoward to derive the 
canonical spins of all fields: 

(n-1) , , 

s^i =0, s^ = -s^ = — - — (6.2) 

Similarly we find for their U{1) charges 

Qr/=o, Qti = -Q^i = P'o (6.3) 



It is instructive to write eqns. ( |6.2|) , (|6.3|) in a compact form, relating spins with electric 
charges: 



^^QeZ (6.4) 
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We complete the discussion of the spectrum of "weak coupling" (/Jq — >■ 0) fields (particles) 
by noting that the "bare" masses of the "weak" fields of the A^^ model ( |1 . 1|) are given by 

= = m, = 2msin( — ) (6.5) 

Th 

6.2 Strong coupling particles. The main characteristic of the "weak" coupling parti- 
cles is that they do not carry topological charges, Qg = 0, Qf^ = 0, as one can easily check 
by substituting the weak coupling "free" solutions into ( |2.25| ) and ( |2.26| ). It reflects the fact 
that all "weak" fields have vanishing assymptotics at x ^ ±oo. The analysis of the classical 
vacua structure (i.e. nontrivial constant solutions) of the axial A^^^ model presented in Sect. 
2.3 allows to list all the addmissible boundary conditions 

^r(±oo) = |^, r(±oo)=0, 9^^\±oo) = ^^ (6.6) 

The solutions of eqns. (|2.1| ) with nonvanishing asymptotics (|6.6| ) such that = N^ — N- ^ 
and/or Jq = L+ — L_ 7^ are by construction topologically charged. The simplest example 
= = of finite energy electrically charged topological soliton is given by eqns. 
(|]6|) and ([4.10|) . As it is expected its semiclassical spectrum ( [L5|) shows the characteristic 
"strong coupling" dependence on the coupling constant /3q. They define a "strong coupling" 
set of particles labled by (M, s; Qei, Qmag, Qe)- The knowledge of the explicit values of these 
conserved charges (classical, semiclassical and quantum ) is crucial in answering the question 
about "strong coupling" symmetry group of the model as well as in the construction of the 
dual model in terms of the "strong fields" (carrying the strong coupling particles quantum 
numbers ). It is clear that the spin of the strong fields is the main ingredient in writing the 
kinetic part of the S-dual Lagrangean. 

6.3 Lorentz spin of electrically charged topological solitons. As we have shown 
in Sect. 3.2, the fact that 1-soliton stress-tensor is a total derivative 



Too = (f- - F+) , Toi = {f- 



is crucial in the demonstration that solitons energy (and mass) get contributions from the 
boundary terms only. One expects that similar arguments take place in the calculation of 
the soliton spin. What we need in this case is to represent Tqq (and Tqi) as certain second 
derivatives 

2 /""^ 77-1 \ 

Too = —^dl + + nC j , (6.7) 



An auxiliary field C we have introduced in (p/^ ) is defined as solution of the following first 
order equations: 



P 



Be = -|^(e'3(^i-f)+/32V'xe-^^) (6.8) 
Pi 
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As a consequence of ( |6.8| ) and eqns. (^.7|)-(P^) we realize that ddC, is proportional to the 
trace of the stress-tensor T^^ : 

2 2 

ddC = Tll = '^ (e/^C'^i+^n-i) + ^2^^e-^^"-) , C = C + (6.9) 
The proof of eqn. (|6.7|) is based on the following identity 



/n— 1 



dJY.^k + + <) = f (^^ - ^1 (6-10) 



2 



which can be easely checked taking into account eqns. (p.7|)-(|3l8|) and (|6.8|). With the explicit 
1-soliton solutions ([4.5|) - (^4.7|) at hand we find that C, satisfying eqns. ( |6.8D has the form 

C = ^In (l + e^f) - 2^(cosa)p+ + 2i^(sina)p_ (6.11) 

P P P 

Note that for imaginary coupling (3 = 1(3^ the stress tensor is complex, say for Tqo we have 
%o = ^dlT, r = ipAY.Vk + ^^R + nC] (6.12) 



A 



o \i=l 



Although the energy ( p.21| ) of the 1-solitons is real and finite, their spin Mqi is in general 
complex and also contains an infinite part 



-ca Pq 

Its real part, however is finite 



S = Re (Moi) = {Qtf + P'oQmag) (6.13) 



and we take it as a definition of the spins of 1-solitons in consideration. It is worthwhile to 
mention that eqns. (|6.71 )- (|6.13| ) with R = 0, {Qei = 0) remain valid for the solutions of the 
A^^l^-abelian afiine Toda, i.e. the spins of the 1-solitons of this model turns out to be 

11 — \ 

SAb.Toda = Qmag (6.14) 



7 Towards Exact Quantization 

7.1 Semiclassical Quantization. Classical periodic motions are known to correspond to 
quantum bound states (discrete energy spectrum Ej) such that the frequency of the emition 

-'^^the field C with the above properties together with the free field 77 are familiar from the conformal affine 
extension of the affine NA-Toda models 
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Ej — s> Ej^i coincides with the frequency of the classical motion. The energy eigenvalues Ej 
can be found from the Bohr-Sommerfeld quantization rule Jq dtpq = 27rj {j an integer ), i.e. 



EjT + S = 271J, 



S 



dtC 



(7.1) 



As we have shown in Sect. 4 (see eqn. ([4.12|) ) our charged 1-solitons (|4.6| ), ( |4.10| ) at the rest 
frame v = tanh(6) = represent periodic particle-like motion r = similar to the SG 

breather. Hence, the semiclassical soliton spectrum can be derived from the field theory 
analog of eqn. (|7.1| ) 



SjC, 



lel 



(7.2) 



S + E{v = 0)t= / Up^pi = 271J, 

Jo J-OD 

Taking into account the relations between ipU^ — x^x we realize that 

Po W Po 

At the rest frame (cosh 6 = 1, sinhfo = 0) our 1-soliton solutions ( [4.6| ), ( [4.7| ) and ( [4.9| ) have 
a simple t-dependence: 



X 

dtln{—) = 2imsma, dtlmpx = 0, dtipi = dtU^^ 







Therefore we find (for z/ = 0) 



JO -'-oo On 



In the case z/ 7^ the corresponding momenta of the fields lip- acquire improvements resulting 
in 

27r 



r r -n ■ _ r jo,ax , 

JO J —00 Pq j —00 



This leads to the following semiclassical quantization of Qei (see eqn. ( |2.29| ) for the definition 



r jO,ax 
el,impr 



(7.3) 



Qtf = f^oi^J^ + Jel) 

We find instructive to present an alternative derivation of the quantization rule (|7. 2|) , 
]3|) by explicit calculation of the action S{t) = Jq /f^ dxCa on the 1-soliton solutions. 
The key point is to demonstrate that Ca is a total derivative due to the first order equations 
( ^.71 ) and ( |3.10D and the soliton conservation laws ( |3.11D , ( |3.12D and ( [3.131 ). The calculation 
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is a bit more involved than the similar one in ( ^.15| ) concerning Tqq and Tqi. That is why we 
consider the simplest case of A'i^ only (7 = 1, cosh(6) = 1, v = 0, z/ = 0) 

= d^d^ + ^e-^^ - /5 V. = -Too + ^ sin ad.R 
where we have used 

dR = ^^(e-^^ + - 2 - y^), OR = -^(e"^^ + e'^^ - 2 - y^) 

Therefore we have, 

SM{r) = -tE{v = 0) + §Q-, (7.4) 

Po 

that together with (7^) leads again to (|7.3|) . It is important to note that repeating this 
calculation for the Euclidean case t it we find 

271 

i.e. the Euclidean charged 1-solitons (they are not static ) have properties similar to the 
instantons, i.e. the Euclidean action is bounded below by the electric charge. In the case of 
the vector gauged model ( |1.3| ) all the results have the same form as above with Qgf — Q^^'^. 

7.2 Exact Counterterms and (3 renormalization. The quantum properties of the 
A^^) dyonic integrable modes ( pTTD and ( |1.3|) turns out to be quite similar to the CSG model 
||12|| . While the main effect of the soliton quantization of the SG and A^^-* abelian afiine 
Toda theories is the coupling constant renormalization [^,[^ in the CSG, as well as in the 
models in consideration the 1-loop calculation shows that new counterterms are needed in 
order to define a consistent quantum theory. 

The same phenomenon takes place in the "free limit" V = Q { i.e. m = 0) of ( |1 . 1| ) and 
( |1.3| ) known to describe strings in curved background: 2-D blackhole (ra = 1), 3-D black string 



SE{r) = ^Qtf (7.5) 



(n = 2), etc Since they can be realized as gauged — WZW models, the best 

way of deriving the corresponding quantum theories (i.e. renormalization, counterterms, 
etc ) is by applying the functional integral methods [^. The path integral formalism for the 
conformal limit of our dyonic models (i.e. Vdef = in ( |1.2|) ) p4| was extended in our recent 



paper p2| to the case of a large family of integrable models, that can be represented as two 
loop gauged WZW model H-\G'^yH+ = Go/f/(l), Go = ^^(2) ® f/(l)"-^ Integrating 
over the infinite H± but keeping U{1) (spanned by Ai ■ H^^^) ungauged, we find the following 
effective action (of the intermediate model ( p,.4D for Aq = Ao = 0) 

+ 752^ / dx^Tr [AoBD^D;' - AoD;'dD, - D;'AoD,Ao + (1 + \o)AoAo 



(7.6) 



14 



an alternative way is to use the representation theory of the parafcrmionic extensions of the Virasoro 
algebra. The quantum theory of the conformal " non free" ^2^-* NA-Toda model is shown to be equivalent 
to the representation theory of the 1/3^^ '^■'-algebra 
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Extending Tseytlin's arguments (see Sect. 3 and 4 of the first of refs (|^)) to the S^jj-, 
given by ( |7.6| ), we reahze that 



2 _ 2n R^-'^ 
_ o n + l _ {n + l) ^ 

^0 - ^0,.en (7.7) 

( and 1 + Ao = l,2.e.Ao = is the unrenormahzed " classical" coefficient of AqAq term 
responsible for the cancellation of the U{1) gauge anomaly). Integrating out Aq,Aq in the 
partition function 

Z;,!) = j VAoVAoVD^e-'^ff = J VD„e-^^ff 

we find the renormalized quantum action for the dyonic model (|1.3| ) 



- y " + ^ y (1 - Ai?)(i + Ao - AE) + V X E /^./n(c.)^ X) {7.1 



It differs from the classical action ( |1.3| ) by 

a) the counterterm 

n + 1 (Ad.B - Bd.Af 
Svr (l-Afi)(l + Ao-Afi)' ^ 

b) the dilaton contribution 

= — E A/ncfc, /nc„ = ^ln{l - AB), = -3, = -l,k = 2, ■ ■ ■ ,n (7.10) 
Po k=l ^ 

( i?*^^) is the worldsheet curvature). 

c) the /5 renormalization ( |7.7| ). 

Expanding denominators in (|7.9|) we find it consistent with the 1-loop (in /^Q^g^) result 
(see ref. fl^ for n = 1 case and |3^ for the B^^ T-self dual Fateev's models ). 

7.3 Uq{SL{n+ 1)) Symmetries of the Soliton Spectrum. The most important ques- 
tion concerning the quantum solitons and breathers spectrum is about the solitons symmetry 
group. Following the paralel with the A^^'^ abelian affine Toda models where the quantum 
solitons are related to the representations with = 1 of the affine quantum group 

Uq{SL{n + 1)) one expects that neutral and charged 1-solitons of our dyonic models to 
have similar properties whether it is true is an open question, although there exist few hints 
that this is indeed the case: 

• Neutral 1-solitons and their conservation laws coincides with the A^^}_i abelian affine 
Toda solitons, that is why neutral sector should manifest Uq{SL{n)) symmetry (but 
not SL{n + 1, g)). 
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The form of the classical conservation laws ( 3.11| ) for the charged solitons is similar 



to the abelian case and the classical "braiding relations" of the currents components 
encoded in the classical r-matrix are supporting the conjecture the Uq{SL{n + 1)) 
is the charged solitons group of symmetries. 

The n = 1 case (i.e. the quantun CSG model ) corresponds to certain thermal per- 
turbations of the parafermionic conformal models [^. Its quantum S-matrix confirms 
the Uq{SL{2)) symmetry in this case. 

The n = 2 (i.e. A^2 ^) dyonic model can be realized as an appropriate perturbation 



of the V^^'^^-algehia. conformal minimal models constructed in |]T4[ (see Sect. 9 of 
1^). Our preliminary calculation based on bosonization of the vertices representing 



quantum solitons shows that the A^^ dyonic models possess a nontrivial set of quantum 
conserved currents, whose charges span the SL{3)g quantum affine algebra. 



8 Concluding Remarks 

8.1 S-duality. The particle-like nonperturbative solutions of SU{n + 1) YMH model- 
monopoles and dyons are believed to provide the fields degrees of freedom relevant for the 
description of the strong coupling phase of YMH (and of QCD in general ). Similar phenom- 
ena is known to take place in 2-D IM: Topological solitons serve as strong coupling variables 
dual to the fundamental {weak coupling ) particles (fields), presented in the IM's " weak 
coupling " actions (say, (pTTP ) 0],|3^. The simplest and best understood example is the 



strong-weak coupling (S-) duality between the massive Thirring and the sine-Gordon models 
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The knowledge of the exact quantum dyons spectrum is crucial in the derivation of 
the YMH model strong coupling symmetry group and its representations to be used in the 
construction of the strong coupling YMH effective action. The Montonen-Olive duality 
conjecture |3^ states that the monopoles of the G^-YMH model belongs to fundamental 
representations of the dual group (say, Gn = SU{n + 1), and = SU{n + l)/Zn+i). 
It has been proved for = 4 SUSY G^-YM theories and certain N = 2 SUSY YM-matter 
models . 



For = 1 and for the non-SUSY YMH models, the exact dyonic spectrum is unknown. 
As it was argued in the introduction, the study of the U{1) charged topological solitons 
of appropriate 2-D IM of dyonic type and their exact quantization may contribute to the 
understanding of the nature of strong coupling symmetry groups of non SUSY YMH theory. 
The conjectured form of the exact quantum 2-D dyons spectrum and the arguments presented 
in sect. 7.3 makes feasible the role of the centerless quantum affine group A^\q), {q = 
e*^/5o,ren^ /^Q^ren — K-n-i ^ stroug coupliug Symmetry group of the A^^^-dyonic IM's ( |1.1| ) 
and ( |1.3|) . The question of whether certain affine quantum group appear in the description of 
the 4-D YMH quantum dyons and domain walls is far from being answered. The observation 
concerning the affine SU{n + 1) symmetries of the classical solutions of the SU{n + 1) self 
dual YM (and the YMH-Bogomolny) equations is an indication that their finite energy 
quantum solutions could have the Ug{SU{n + 1)) = Ug{A^^^) as an algebra of symmetries. 
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The problem to be solved before any attempt for affine quantum group improvement of the 
original Montonen- Olive conjecture is about the integrable models S-dual to the A^^ dyonic 
models ( p. .11) and ( p. .31) . The fundamental fields used in writing their Lagrangeans have to 
carry the quantum numbers {Qei,Qm, M, s, Xj, ■ ■ ■) of charged and neutral solitons of the 
A!)1^ models. Its soliton (i.e. strong coupling ) spectrum should have the quantum numbers 
of the fundamental fields of the dyonic models i.e.tp, x, ^i- Similarly to the solitons of all 
known 2-D integrable models they must have certain affine quantum group structure behind. 
The most natural candidate is the algebra dual to A^\q) with q = e*^^ , (3"^ = The 
partition functions of such pair of S-dual IM's are expected to be related by the S-duality 
transformations 

ni + niiT V ,2tt 



n2 + m2r' ^ 27r 



2 



where f | G SL(2,Z). We have not a recipe of how to construct the S-dual of 

\ n2 m2 J 

a given IM satisfying all the requirements listed above. An important experience in this 
direction are the families of S-dual pairs of IM introduced and studied by Fateev 

BnlliiX, X, (pi] strong, P^) ^ -4^n+l({V^, 4', ^i}weak, ^) 
A2ni{X,X, (pi} strong, P^) ^ A^^I {{^J , 4^ , ^i}weak, ^) 



Dnll{{X,X, (pi} strong, P"^) ^ C^^ {{^p , ^p , (fi} u,eak, ^) (8.1) 



P' 
71 



The "strong coupling models" G^""^ represent the complex SG (Lund Regge) model (x, x) 
interacting with G^^ii abelian affine Toda theories {(pi). Their actions are similar to (ITT 



and as it is shown in they can be derived following the general Hamiltonian reduction 
procedure (or from gauged two loop WZW model) discussed in Sect. 2. The explicit form 
of the valued flat connections depend on the specific choice of the grading operator Q, 
constant elements e± and in the way the chiral U{1) symmetry is gauged fixed. The "weak 
coupling models" G^"^ represent massive Thirring fermions -ip^ijj interacting with the abelian 
affine Toda model based on the dual algebra Gn^i of Gnli, i.e. -B^+i is dual to A2n-i) -^i+i is 
dual to etc. It is important to note that only the case of real coupling constant has been 



considered in ref. |32]. Therefore, the corresponding potentials admit only trivial zero (pi = 



(but not (pi G ^A^, A^; is the coroot lattice of G^l^). As a consequence, their finite energy 

nonperturbative solutions are the G^"-* analogs of the U{1) charged nontopological solitons 
of the CSG model and their quantization is known to be related to Uq{SL{2)) ( and not to 
^I^Kq))- This explains the pair of Thirring fermions representing these solitons in the weak 
coupling model. Whether the methods for quantization of these models, for construction 
of their exact S-matrix, etc.[^ can be applied to the imaginary coupling constant case is 
an open question. Due to more complicated soliton spectrum of both models for P iPq 
their S-duality for imaginary couplings has to be reconsidered. Although the S-duality is 
a property of the quantum IM (i.e. counterterms, renormalization, etc. are essential), an 
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important problem to be addressed is whether exists an algebraic recipe {the 2-d analog of 
Montonen- Olive conjecture) that for any given IM {GW, Q, e±, Gl) prescribes its S-dual IM 
(the classical limit only) {&^\Q,e±,QQ}. The simplest problem to be solved is to find the 
graded structure behind the " weak coupling " Fateev's models for real (3 and to construct 
their zero curvature representations. The presence of the Thirring fermions interacting with 
the abelian Toda bosons is an indication that they are from the family of G^^'*^(the group 
dual of G^^^) non abehan Toda-matter models of higher grade, say e± to be of grade ±2 (or 
some halfinteger grade ) and the physical fields to lie in the lowest grades |s| < 2, as for the 
IM's constructed in ref. [ ^ . 

8.2 T-duality. As we have mentioned in Sects. 1,2 and 5 the two A^^^ dyonic IM's 



(1.1) and (O) studied in the present paper are T-dual by construction. The abelian T- 
duality transformation ( [^.14D and ( |2.16D is specific for the models with target space metrics 
admitting one isometric coordinate 6 = —^ln{^) for ( [1.1|) and = ■;^ln{A) for ( |1.3|) , (i.e. 

our models are invariant under global f/(l), 9 ^ 9 + a, 9 ^ 9 + a). The particular 
canonical transformation (6', Hq) —>■ {9, Ug) 

Ho = -dj, n. = -8,9 (8.2) 



which integrated form is eqn. ( |2.14|) , are familiar from the string T-duality [^] relating 
certain conformal a- models representing different curved string backgrounds of 3-D black- 
string type [^. As it was pointed out in Sect. 2, the free limits m = 0, i.e.V = of our 



dyonic models are nothing but the conformal cx-models considered in ref. |2^ in a specific 
parametrization ( of Gauss type ) of the An group elements and without the " countert- 
erm" contributions (|7.8| ) and ( [7.9| ) essential for the exactness (in ) of the" target-space " 
conformal metrics {gij,bij,(j)aii)- The important difference is that in this m = case there 
exists more isometries ip[ = ipi + ai, together with 9' = 9 + qq. Adding the conformal ( and 
nonconformal ) vertices representing nontrivial (bounded for (3 i(3o ) potentials results in 
breaking [/(l)" to U{1), i.e. the "free" conformal T-duality group 0{n,n\Z) is broken to 
0(1, 1 1 Z). An important and new feature of the non - conformal T-duality specific for the 
dyonic IM's is the relation between their soliton (and breathers ) solutions and the inter- 
changes Qgf QY"^ and Qg^ — > Q^f^ that are IM generalization of the well known maps 
between the momenta and winding numbers in the conformal (string ) case. The complete 
discussion of the abelian T-duality for a large class of U{1) symmetric axial and vector IM 
of dyonic type including the formal proofs of eqns. ( ^.14[ ) and ( ^.l(j| ) are presented in our 
work ig. 

Since the T-dual IM's ( |1.1|) and (|1.3|) are expected to be appropriate symmetry reductions 
of the 4-D SU{n + 1)-YMH models and their (charged) topological solitons to be related to 
certain charged domain walls solutions, the natural question is about the 4-D consequences 
of the T-duality observed in 2-D soliton spectra (see Sect. 5). It is clear that they have to 
represent specific residual (discrete) gauge symmetries as in the string case ||2^ refiecting 
the independence of the strong coupling spectra of the manner of the local (unbroken) U{1) 
gauge symmetry is fixed. 

The problem of the S and T-dualities of the soliton spectra of 2-D IM's of dyonic type 
deserves special attention and more complete investigation. 
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